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Edge Ideals

kis afield, S = k[xy,...,Xq], and G = (V, E) is a (finite simple)
graph with V = {xy,..., x4}
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Edge Ideals

kis afield, S = k[xy,...,Xq], and G = (V, E) is a (finite simple)
graph with V = {xy,..., x4}

Definition (Villareal *90)

The edge ideal I(G) € Sof Gis I(G) = (xix; € E)S.
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Edge Ideals

kis afield, S = k[xy,...,Xq], and G = (V, E) is a (finite simple)
graph with V = {xy,..., x4}

Definition (Villareal *90)

The edge ideal I(G) € Sof Gis I(G) = (xix; € E)S.

Example
G= X1 Xo X3
X4 X5 X6
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Edge Ideals

kis afield, S = k[xy,...,Xq], and G = (V, E) is a (finite simple)
graph with V = {xy,..., x4}

Definition (Villareal *90)

The edge ideal I(G) € Sof Gis I(G) = (xix; € E)S.

G= X1 X2 X3
X4 X5 X6
/(G) = (X1 X2,
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Edge Ideals

kis afield, S = k[xy,...,Xq], and G = (V, E) is a (finite simple)
graph with V = {xy,..., x4}

Definition (Villareal *90)

The edge ideal I(G) € Sof Gis I(G) = (xix; € E)S.

Example
G= X1 X2 X3
X4 X5 X6
I(G) = (x1x2, X2X3,
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Edge Ideals

kis afield, S = k[xy,...,Xq], and G = (V, E) is a (finite simple)
graph with V = {xy,..., x4}

Definition (Villareal *90)

The edge ideal I(G) € Sof Gis I(G) = (xix; € E)S.

Example
G= X1 Xo X3
X4 X5 X6
I(G) = (X1 X2, XoX3, X1 X4, X2 X5, X3X5)S.

Sean Sather-Wagstaff Path Ideals for Weighted Graphs



Irreducible Decompositions of Edge Ideals

Definition

A vertex cover of G is a subset W C V such that for every
Xix; € E, either x; € Worx; € W.
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Irreducible Decompositions of Edge Ideals

Definition

A vertex cover of G is a subset W C V such that for every
xix; € E, either x; € Wor x; € W.

4

Fact
We have (irredundant) irreducible decompositions

I(G)=(W)S= ) (W)S.

w W min
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Irreducible Decompositions of Edge Ideals

A vertex cover of G is a subset W C V such that for every
xix; € E, either x; € Wor x; € W.

We have (irredundant) irreducible decompositions

I(G)=(\W)S= ) (W)S.

w W min
Example
G= X1 Xo X3
I I I
X4 X5 X6
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Irreducible Decompositions of Edge Ideals

A vertex cover of G is a subset W C V such that for every
xix; € E, either x; € Wor x; € W.

We have (irredundant) irreducible decompositions

I(G)=(\W)S= ) (W)S.

w W min
Example

o0

X4 X5 X6
I(G) = (X17X27X3)S N
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Irreducible Decompositions of Edge Ideals

Definition

A vertex cover of G is a subset W C V such that for every
xix; € E, either x; € Wor x; € W.

4

Fact
We have (irredundant) irreducible decompositions

I(G)=(\W)S= ) (W)S.

w W min

= B

I(G) = (X17X27X3)S N (X17X2a XG)Sm
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Irreducible Decompositions of Edge Ideals

A vertex cover of G is a subset W C V such that for every
xix; € E, either x; € Wor x; € W.

We have (irredundant) irreducible decompositions

I(G)=(\W)S= ) (W)S.

w W min
Example
G= X1 Xo X3
I I I
X4 X5 X6

I(G) = (X1, X2, X3)S N (X4, X2, Xg) S N (X1, X3, X5)S
N(X2, X3, Xa)S N (X2, X4, X6) S
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Cohen-Macaulayness of Trees

Theorem (Villareal 1990)

If T is a tree, then S/I(T) is Cohen-Macaulay if and only if I(T)
is unmixed, if and only if T is a suspension of a tree. (Hence,
Cohen-Macaulayness of S/I(T) is characteristic-independent.)
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Cohen-Macaulayness of Trees

Theorem (Villareal 1990)

If T is a tree, then S/I(T) is Cohen-Macaulay if and only if I(T)
is unmixed, if and only if T is a suspension of a tree. (Hence,
Cohen-Macaulayness of S/I(T) is characteristic-independent.)

T = Xq

Xo X3

X4 X5 X6

S/I(T) is Cohen-Macaulay.
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Weighted Edge Ideals

Definition

A weight function on Gis a function w: E — N.
A weighted graph G, is a graph G, with a weight function w.
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Weighted Edge Ideals

Definition

A weight function on Gis a function w: E — N.
A weighted graph G, is a graph G, with a weight function w.

Definition (Paulsen-SW ’13)

The weighted edge ideal I(G,,) C S of a weighted graph G, is

I(Go) = (" @x" | e = xx € E)S.
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Weighted Edge Ideals

Definition

A weight function on Gis a function w: E — N.
A weighted graph G, is a graph G, with a weight function w.

Definition (Paulsen-SW ’13)

The weighted edge ideal I(G,,) C S of a weighted graph G, is

I(G.) = ("% | e = x;x; € E)S.

Example
3 1

Gw = X1 X2 X3
2 4 5)
X4 X5 X6

v
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Weighted Edge Ideals

Definition

A weight function on Gis a function w: E — N.
A weighted graph G, is a graph G, with a weight function w.

Definition (Paulsen-SW ’13)

The weighted edge ideal I(G,,) C S of a weighted graph G, is

I(G.) = ("% | e = x;x; € E)S.

Example
3 1

Gw = X1 X2 X3
2 4 5
X4 X5 X6

v
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Weighted Edge Ideals

Definition

A weight function on Gis a function w: E — N.
A weighted graph G, is a graph G, with a weight function w.

Definition (Paulsen-SW ’13)

The weighted edge ideal I(G,,) C S of a weighted graph G, is

I(G.) = ("% | e = x;x; € E)S.

Example
3 1

Gw = X1 X2 X3
2 4 5
X4 X5 X6

I(Go) = (X6X3, XoXa,

v
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Weighted Edge Ideals

Definition

A weight function on Gis a function w: E — N.
A weighted graph G, is a graph G, with a weight function w.

Definition (Paulsen-SW ’13)

The weighted edge ideal I(G,,) C S of a weighted graph G, is

I(G.) = ("% | e = x;x; € E)S.

Example
3 1
G, = X4 X2 X3
2 4 ‘ 5
X4 X5 X6

3,3 2,2 4,4 ,5,5
I(Gw) = (X1 X5, X2X3, Xy X47X2X53X3X6)S'

v

Sean Sather-Wagstaff Path Ideals for Weighted Graphs




Irreducible Decompositions of Weighted Edge Ideals

A weighted vertex cover W? of G, is a vertex cover W C V with
a function o: W — N such that for every e = x;x; € E, one has

Q@ x; € Wando(x;) <w(e),or
@ x; € Wando(x;) <w(e).
Set (W")S = (x"™) | x; e W)S.
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Irreducible Decompositions of Weighted Edge Ideals

Definition

A weighted vertex cover W? of G, is a vertex cover W C V with
a function o: W — N such that for every e = x;x; € E, one has

Q@ x; € Wando(x;) <w(e),or
@ x; € Wando(x;) <w(e).
Set (W")S = (x"™) | x; e W)S.

g
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Irreducible Decompositions of Weighted Edge Ideals

Definition

A weighted vertex cover W? of G, is a vertex cover W C V with
a function o: W — N such that for every e = x;x; € E, one has

Q@ x; € Wando(x;) <w(e),or
@ x; € Wando(x;) <w(e).
Set (W")S = (x"™) | x; e W)S.

g

This weighted vertex cover is minimal: no vertices can be
unboxed, and no weights (exponents) can be increased.
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Decompositions of Weighted Edge Ideals

Theorem (Paulsen-SW ’13)

We have (irredundant) irreducible decompositions

(G) = NW)s= ] (W)s

Wwe We min
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Decompositions of Weighted Edge Ideals

Theorem (Paulsen-SW ’13)

We have (irredundant) irreducible decompositions

(G) = NW)s= ] (W)s

we We min
Example
3 1
Gw = X1 X2 X3
2 4 5
X4 X5 X6

(G) =(xZ, %2, X3)S N (xF, X3, X3)S N (X2, X2, X3) S
N (X2, x3,x8)S N (X2, X3, x3)S N (X3, X3, X2) S

N (X, X2, x3)S N (X3, x5, X3, X2)S N (X3, X3, X2, x2) S
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Decompositions of Weighted Edge Ideals

Theorem (Paulsen-SW ’13)

We have (irredundant) irreducible decompositions

(G) = NW)s= ] (W)s

we We min
G, = x2 2 x, 1
2 4 5
X4 Se Xe.

I(G.) =(xF, %2, %3)S N (XF, %5, x3)S N (XF, %2, X§) S
N (X2, X3, x8)S N (X2, X3, x3)S N (X3, X3, X2) S

N (X, X2, x3)S N (X3, x5, X3, X2)S N (X3, X3, X2, x2) S
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Cohen-Macaulay Weighted Trees

Theorem (Paulsen-SW '13)

If T, is a weighted tree, then S/I(T,,) is Cohen-Macaulay if and
only if I(T,) is unmixed, if and only if T is a suspension of a
tree I such that for each edge v;v; inT one has

w(vivy) < min{w(viw;), w(v;w))}.
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Cohen-Macaulay Weighted Trees

Theorem (Paulsen-SW '13)

If T, is a weighted tree, then S/I(T,,) is Cohen-Macaulay if and
only if I(T,) is unmixed, if and only if T is a suspension of a
tree I such that for each edge v;v; inT one has

w(vivy) < min{w(viw;), w(v;w))}.

3 1
non-CM V1 Vo Va3

2 4 5

WA Wo W3
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Cohen-Macaulay Weighted Trees

If T, is a weighted tree, then S/I(T,,) is Cohen-Macaulay if and
only if I(T,) is unmixed, if and only if T is a suspension of a
tree I such that for each edge v;v; inT one has

w(vivy) < min{w(viw;), w(v;w))}.

8

1

non-CM V1 Vo Va3
2 4 5
WA Wo W3
CM V1 Vo ! V3
3 4 5
W+ Wo Wa
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Weighted Path Ideals

Definition (Kubik-SW ’13)
Fix an integer r > 1. The weighted r-path ideal I,(G,) C S of a
weighted graph G, is the ideal of S generated by all monomials

fd(XiO Xiy) .max(‘”(xfo Xiy ),w(Xiy Xiy ) Xmax(w(x,-r72 Xip_q )y (Xi,_ 4 Xir ))XW(X:'F1 Xir)
o Iy fr—1 ir

such that x; x;, - -- x; _, X;, is a path in G.
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Weighted Path Ideals

Fix an integer r > 1. The weighted r-path ideal I,(G,) C S of a
weighted graph G, is the ideal of S generated by all monomials

w(Xi Xiy ) max(w(Xi X, ),w(Xi, X)) Xmax(w(x,-rizx,-ri1 )W (X, Xir ))Xw(Xi"1 Xi,)
o Iy fr—1 ir

such that x; x;, - -- x; _, X;, is a path in G.

v

Example
Q If r=1,thenthisis I(G,).
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Weighted Path Ideals

Fix an integer r > 1. The weighted r-path ideal I,(G,) C S of a
weighted graph G, is the ideal of S generated by all monomials

w(Xi Xiy ) max(w(Xi X, ),w(Xi, X)) Xmax(w(x,-rizx,-ri1 )W (X, Xir ))Xw(Xi"1 Xi,)
o Iy fr—1 ir

such that x; x;, - -- x; _, X;, is a path in G.

v

Example
Q If r=1,thenthisis I(G,).

Q@ Ifw=1and Gis a tree, then this is Conca’s /-(G),
generated by all the r-paths in G.
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Weighted Path Ideals
3 1

Gw = Xq Xo X3
2 4 5
X4 X5 X6
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Weighted Path Ideals
3 1

Gw = X1 Xo X3
2 4 5
X4 X5 X6

b(G.) = (X{x3 X3,
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Weighted Path Ideals
3 1

Gw = X1 Xo X3
2 4 5
X4 X5 X6

R(Go) = (X X3 X3, X7 X3 X,
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Weighted Path Ideals
3 1

Gw = Xq Xo X3
2 4 ‘5
X4 X5 X6
3 5 ,3,3
h(G,) = (x1x2x3,x1x2x5,x2x3x6,x1x2x4,x2x3x5)8
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Weighted Path Ideals
3 1

G, = X1 X2 X3
2 4 ‘ 5
X4 X5 X6

3 5 3,3
b(G,) = (X$x3x3, X3x5 X2, X X3 X3, X3 X3

X47X2X3X5)S

Theorem (Kubik-SW ’13)

We have (irredundant) irreducible decompositions

(G.)=W)s= () (WS
Weo

W min
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Cohen-Macaulay Weighted Trees

Theorem (Kubik-SW ’13)

Let G, be a weighted tree with no r-pathless leaves. TFAE:
(i) I(G,) is Cohen-Macaulay;
(i) I(G,) is unmixed; and

(iii) G, is an r-path suspension of a weighted tree T, s.t. for all
viv; € E(T,) one has w(v;v;) < min{w(Vviy;1),w(Vjyj1)}-

Sean Sather-Wagstaff Path Ideals for Weighted Graphs



Cohen-Macaulay Weighted Trees

Let G, be a weighted tree with no r-pathless leaves. TFAE:
(i) I(G,) is Cohen-Macaulay;
(i) I(G,) is unmixed; and

(iii) G, is an r-path suspension of a weighted tree T, s.t. for all
viv; € E(T,) one has w(v;v;) < min{w(Vviy;1),w(Vjyj1)}-

Example
3 1

h(G.) 2 7z V3
5

3 4

Y11 Y21 Y31

b c

a

Yi2 Y22 V3.2
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